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1. Introduction

The theory of modular forms has its roots in the work of 19th century math-
ematicians including Jacobi and Eisenstein. In the 1920's and 30’s much of the
foundation for the modern theory was created by Hecke [Hec1], [Hec2], [Hec3].
In addition to establishing the analytic continuation and functional equation for L-
functions associated to modular forms, he showed that for a special class of modular
forms, the L-functions have Euler product expressions. This special class consists of
forms which are simultaneous eigenvectors for certain linear operators, now called
Hecke operators. )

The work of Eichler and Shimura greatly advanced the role of modular forms
and their L-functions in number theory. One achievement [Shil] was the construc-
tion of abelian varicties over Q whose L-functions were those studied by Hecke.
Shimura also proposed a partial converse, namely that every elliptic curve over Q
arises this way. This conjecture grew out of an idea of Taniyama [Shi8] and became
well-known through work of Weil [Weil]. A large part of the Shimura-Taniyama-
Weil conjecture has now been proved by Wiles [Wil2] (see also [Diam]), with a
key ingredient supplied by the work of Taylor and Wiles [TaWi].

In light of the recent work of Wiles, it is evident that two major developments
in the theory began to unfold around 1970, building on the work and insight of
Shimura.

One of these was the introduction of tools of modern algebraic geometry.
Deligne [Dell] generalized the Eichler-Shimura construction to higher weight us-
ing £-adic cohomology; Deligne-Rapoport [DeRa] and Drinfeld [Drin] studied the
arithmetic of modular curves; the study of congruences between modular forms was
placed in the algebraic-geometric context by work of Serre [Ser2], Swinnerton-Dyer
[SwDy] and Katz [Katz1]. This development has been a rich source of techniques,
results and ideas in the field and figures prominently in Mazur’s bounding of the
number of rational torsion points on an elliptic curve over Q [Maz1], as well as in
the recent work of Ribet [Rib4] and Wiles [Wil2].

The other development was the beginning of the Langlands program. The work
of Jacquet and Langlands [JaLa] on automorphic representations placed the theory
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in a broader context and added insight from representation theory. According to
Langlands’ conjectures, these representations should correspond in a natural way to
algebraic-geometric objects. Roughly speaking, class field theory is the special case
of the correspondence for GL;. The Eichler-Shimura construction and Deligne’s
generalization provide special cases of one direction for GL; special cases of the
other direction were established by Langlands [Lngl2] and Tunnell [Tunn], and
now by Wiles [Wil2].

This article was intended to be a survey of results on modular forms and mod-
ular curves. In our attempt, and failure, to keep the work a reasonable length, we
chose to ignore many important aspects of the theory and instead to emphasize
those which play a role in the work of Ribet and Wiles. None of the results we
present here are ours, and we have no doubt often failed to properly attribute them.
We apologize in advance for these and other shortcomings, which are due largely
to our ignorance. We can hardly claim to be experts on many of the topics we
included; indeed we learned a great deal in preparing this article.

We have aimed the article at advanced or recent graduate students specializing
in the field, though we hope that others will find it a useful reference. Parts of
the paper vary in the amount of background assumed. Beginning with §8, we
usually take for granted graduate courses in number theory and algebraic geometry
based for example on the material found in Lang [Langl], Silverman [Sill] and
Hartshorne [Hart].

The article is divided into three parts.

Part I is a rapid introduction to modular forms, focusing on the theory of Hecke
operators and newforms. More detailed treatments of most of the topics we cover
can be found in a number of valuable texts, such as those of Shimura [Shil], Lang
[Lang2], Miyake [Miy2], Knapp [Kna2| and Hida [Hida3].

In Part 1I, we turn our attention to modular curves. We begin with their
description as Riemann surfaces and moduli-theoretic interpretation. Then we go
on to explain some of the algebraic geometric methods used to study their arithmetic
and that of their Jacobians. Much of the material can be found in Deligne-Rapoport
[DeRa)], but much is scattered in the literature.

Part IIT returns to the subject of modular forms from a more sophisticated
point of view. We first give a brief introduction to modular forms in the context
of automorphic representations, mainly following Jacquet and Langlands [JaLa].
Then we approach from the perspective of the geometry of modular curves, often
following Shimura [Shil] and Deligne-Rapoport [DeRa].
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