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Interests:

Algorithms and data structures

Applications of computers to pure mathematics
(in particular group theory)

Long time involvement in implementation, testing, analysi s and
application of algorithms

Contributed algorithmic ideas, data structures and code to :

Group, Cayley, Magma, Gap, Magnus, Quotpic, Kant, LiDIA and Pari
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Research areas:

abstract algebraic algorithms

computing canonical forms of matrices

extended gcd algorithms

perfect hashing

fundamental algorithms for parallel and distributed syste ms

combinatorial algorithms
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A presentation for a group ( G; � ) is: a set of generators a; b; c; : : : together
with a set of relations R i ( a; b; c; : : :) = Si ( a; b; c; : : :) such that every relation
which holds in G is derivable from the given relations and the group
axioms.

If G is a group and H a subgroup then H divides G into a collection of
equivalence classes called (right) cosets .

The set f hx j h 2 H g is a coset of H in G, denoted Hx . Two cosets of H
in G are disjoint or identical.

Each coset of H has jH j elements.

There exist elements x1; : : : such that G = [ Hx i .

The number of distinct cosets is the index of H in G.
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Coset enumeration was used for �nitely presented groups wel l before the
days of electronic computers, apparently �rst by EH Moore (1 897).

Coset enumeration builds a table giving the action of each gr oup
generator and inverse on each coset.

Coset enumeration over a subgroup H constructs a permutation
representation for G.

Coset enumeration is one of the most important procedures fo r
investigating �nitely presented groups.

Coset enumeration programs implement systematic procedur es for
enumerating the cosets of a subgroup H of �nite index in a group G,
given a set of de�ning relations for G and words generating H .

Computer implementations are based on methods initially de scribed by
Todd and Coxeter in 1936: \A practical method for enumeratin g cosets of
a �nite abstract group."
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Since then a number of computer programs for coset enumerati on have
been described, including that by Cannon, Dimino, Havas and Watson in
1973: \Implementation and analysis of the Todd-Coxeter alg orithm."

Cannon et al include comprehensive references to earlier implementati ons,
while later descriptions are given by Neub•user (1984), Lee ch (1984) and
Sims (1994).

Would you be happy with a proof which says: by coset enumerati on?

(I am.)

In fact a successful coset enumeration itself constitutes a formal proof
which can be veri�ed (given a coset de�nition sequence).

In a certain sense such proofs are quite concise (but not real ly easy to
understand).

Behind every (correct) coset enumeration there are human in telligible
proofs of all sorts of things.
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PEACE enables you to extract proofs from coset enumerations .

The ideas involved were �rst described by Leech in 1967 and 19 73.

(Bad news: the proofs may well be too long or too horrible for c omfort.)

Basically what we can do is as follows.

Given a coset enumeration for subgroup H of group G we can prove
theorems like w 2 H .

We do this by expressing w as an explicit product of subgroup generators
and (conjugates of) group relators.

We produce a proof certi�cate (which is simple to understand ).

We have a computer veri�er of our proof certi�cates (but veri �cation can
be done by hand).
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Proofs

Given a successful coset enumeration of the subgroup H in the group G,
for any word w 2 H we can claim to have a proof.

This claim rests on the validity of the coset enumeration str ategy
employed and the correctness of its implementation.

However, we can sidestep these problems by extracting from t he workings
of a coset enumeration a proof word which can be veri�ed mechanically
and which explicity gives w in terms of the generators of H .

This proof word, together with the presentation for G, the generators of
H , and the word w forms a (proof) certi�cate (PC) that w 2 H .

The validity of this certi�cate is independent of how it was g enerated, and
does not depend on anything other than the group axioms and th e
de�nitions of G, H and w.
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As a simple example, consider the Klein group G = ha; b j a2; b2; ( ab) 2 i , of
order 4. (We use the case-inverse convention; A = a� 1.)

Now consider the word w = A( BB ) a( AA )( abab) 2 G.

If the substrings enclosed in parentheses, which represent relators or their
inverses, are cancelled from w (since they are trivial in G), then we see
that w = Aa = 1.

However, if w is freely reduced, then we see that w = ABab .

So ABab = 1 in G; ie, a and b commute.

Now put H = hai , and consider v = [ A ]( abab).

(Substrings in square brackets represent subgroup generat ors, or their
inverses.)

Free reduction yields v = bab, while reduction after cancelling the relator
yields v = [ A ].
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Thus bab2 H , with bab= A; ie, a� 1 = bab.

Such proof words are implicit in the workings of a coset enume ration, and
their generation by considering circuits in the Schreier di agram is
discussed in detail by Leech (1977).

I used this technique to prove that F (2 ; 7) �= C29 (1976), and to rewrite
the �fth Engel word as a product of fourth powers (1981).

I used an instrumented coset enumerator which printed out al l its actions,
and then I manually constructed my proofs from this printout .

In PEACE the entire process, including the generation and ou tput of
de�nitions sequences and proof certi�cates, is automated.

None of my code survives, and the only known other previous at tempt to
automate the entire process was an Honours project by Lockwo od (1991).
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Proof words

The �nal proof word consists simply of a string of letters rep resenting
generators or their inverses, with some substrings `highli ghted' by
parentheses (group relators or their inverses, perhaps cyc led) or square
brackets (subgroup generators or their inverses).

The word to be proved must be in freely reduced form and must tr ace a
cycle from coset 1 (ie, the subgroup) back to coset 1 using the coset
table.

The proof word is generated from this initial trace by contin ually
expanding coset table entries using a proof table until only de�nitions,
group relators and subgroup generators remain.
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A Fibonacci group

F (2 ; 5) = ha; b; c; d; e j abC; bcD; cdE; deA; eaB i

In 1965 Conway asked for proofs that F (2 ; 5) is cyclic of order 11.

Various solutions were given in 1967, each using a few lines o f algebra and
some group theory.

The shortest published \human" proof that I have seen takes 5 lines
(after conversion to a 2-generator, 2-relator presentatio n):
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In these terms, PEACE produces the following certi�cate for a = B 8 from
a coset enumeration over hbi :

[B ]aabb( abaBabb) BBAA

[B ][ B ]A ( abbabAbab) a[B ]abb( BBAbABA ) BBA

[B ][ B ]AAbab ( abbabAbab) BABaa [B ]abb( BBAbABA ) BBA [B ]

It uses the relators �ve times and �ts easily on two lines.

In terms of these relators it is quite short.

Of course, each new relator is an `encoded' version of severa l of the
original relators, so its length in terms of those is greater .

PEACE automatically gives the following certi�cate (obtai ned from a
coset enumeration over hei in the 5-generator presentation):

	 = [ E ]( eaB)[ E ][ E ]( eDC ) c( deA)( abC) ( cDb) C( cBA )

[E ]( eaB)[ E ][ E ]( eDC ) c( deA)( abC) ( cdE)( eAd)( Dbc) C:
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(	 is a single string, which has been written as shown to illus trate its
structure.)

The word 	 was extracted from an index 1 coset enumeration ove r hei .

It is easy to check that 	, freely reduced, is equal to b.

If the relators are �rst deleted, then 	 reduces to [ E ][ E ][ E ][ E ][ E ][ E ].

So b 2 hei , with b = E 6.

(Although our coset enumeration proves that F (2 ; 5) is cyclic, our
proof-word by itself does not.)

It is straightforward to convert a proof-word to a `normal' p roof.

For our example, �rst note that 	 can be written as ���
 , where

� = [ E ]( eaB)[ E ][ E ]( eDC ) c( deA)( abC) ;

� = ( cDb) C( cBA ) ;


 = ( cdE)( eAd)( Dbc) C:
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Now � , � and 
 prove, respectively, that aC = E 3c, cDA = C and
cdAb = C.

So �� proves aDA = E 3, while �
 proves adAb = E 3.

Thus 	 can be split into a series of lemmas, which can be combin ed to
yield the result.

To rewrite, say, � as a formal proof, start with cDA and insert the trivial
word bB to give cDbBA .

Now cDb is trivial in F (2 ; 5), being a cyclic conjugate of the relator bcD,
and so we can cancel to BA .

Now insert the trivial word Cc to give CcBA , and cancel the relator cBA
(inverse of the relator abC) to yield C.

Note that � , � and 
 are not proof-words.

15



However, �C , c� and c
 are; they prove, respectively, aC2 = E 3, c2DA = 1
and c2dAb = 1.

This is equivalent to rewriting 	 as 	 1 = �Cc��Cc
 .

Now c� and c
 make no use of [ e] or [ E ], and so can be regarded as
proof-words in F (2 ; 5) over the trivial subgroup, while �C makes use of
the subgroup hei .

However, if the square brackets are deleted, the word can be r ewritten as
the proof-word e3 �C , which proves that e3aC2 is trivial in F (2 ; 5).

We can now rewrite 	 as 	 2 = e3 �Cc�E 3e3 �Cc
e 3, proving that e3be3 is
trivial in F (2 ; 5).

Various graphical representations of a group have been desc ribed, and
these have numerous applications.

One useful pictorial representation of proofs in a group G = hX jRi is
provided by van Kampen diagrams .
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van Kampen diagram for c�
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b
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c
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c
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c

b d

c1 2 3

4

These can be thought of as portions of the Cayley diagram of G drawn in
the plane, where the words corresponding to the boundaries o f internal
faces are members of R.

Such a diagram demonstrates that the boundary of the graph is trivial in
G.
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Each relator or conjugated relator yields a component of suc h a graph, as
illustrated in left part of Figure 1 for c� ; the (conjugated) relator can be
recovered by tracing the boundary of the component and recor ding the
arc labels, where a traversal against the arrow yields the in verse.

These components are combined into a single reduced diagram (the right
part of the �gure), where there is at most one in-arc and one ou t-arc at
each node for each generator.

The proof-word c� corresponds to the traversal 123421241 of the
diagram; note that internal edges are traversed an equal num ber of times
in opposite directions, while boundary arcs are traversed o nce more in the
direction of the external traversal than against it.

Van Kampen diagrams for e3 �C and c
 can be constructed similarly.

Copies o� all these diagrams can be combined to yield a compos ite
diagram for 	 2, which provides an alternative proof that be6 is trivial in
F (2 ; 5).

Figure 2 is an `exploded' version of such a diagram, illustra ting how the
various sub-diagrams (i.e., lemmas) combine to yield the re sult.
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Composite diagram for 	 2
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1234

Since F (2 ; 5) �= C11 , an enumeration over the trivial subgroup must make
at least ten de�nitions.

We do not know how few su�ce, and our best result is �fteen de�ni tions.
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One example is the sequence: 1 c, 2c, 1A , 4B , 1C, 6e, 7b, 7C, 9e, 6d, 11 A,
2B , 4E , 2e, 2b.

That is: coset 2 is de�ned as coset 1 times c, coset 3 is de�ned . . . , coset
16 is de�ned as coset 2 times b.

Note that, implicit in the diagram of Figure 2 is a coset table involving
eleven cosets.

However, this table is incomplete, and only contains the tab le entries
corresponding to the diagram's edges (after making all poss ible
deductions).

Furthermore, two of the nodes represent the same coset.

(Since the group is abelian, the relator bcD implies that Dcb { the path
1234 { should trace out a cycle, which it does not.)

We were unable to �nd any proof-word which used less than thir teen
relators.
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We found many proof-words of this length, and 	 has the smalle st
number of subgroup generators plus group generators (six an d four
respectively) and the `nicest' structure.

There are many possible ways to extract a proof.

For example, we can enumerate over the trivial subgroup and p rove that,
say, ae7 or be6 is trivial, or that the commutator [ a; b] or [ a; c] is trivial.

Or we could enumerate over a subgroup hem i , for some m, and extract a
proof that a or b is in the subgroup.

We tried a variety of these, and none yielded a better proof-w ord than 	.

We did �nd various other proofs using only thirteen relators , but these
were all the same as 	, in the sense that they proved that b = E 6, or an
equivalent of this under the action of the cyclic automorphi sm of the
generators.

21



F (3 ; 5)

The Fibonacci group

F (3 ; 5) = ha; b; c; d; e j abcD; bcdE; cdeA; deaB; eabCi

is the cyclic group C22 .

The proof of this relies on coset enumeration, and Johnson (1 976) noted
that \some 200 cosets are required and no short manual proof h as yet
been found".

A coset enumeration in F (3 ; 5) over one of the generators gives an index
of one, and establishes that F (3 ; 5) is cyclic.

PEACE can complete such an enumeration using 30 de�nitions.

One such sequence of de�nitions, over hai , is: 1 d, 1c, 3d, 4A , 3D , 6A, 6c,
1b, 9d, 6b, 11 C, 9b, 13 b, 1C, 15 d, 6D , 17 c, 13 c, 19 d, 20 a, 19 A, 9A , 23 b,
24A, 11 c, 26 d, 27 b, 3E , 29 E , 30 a.
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Proof-word components for F (3 ; 5)

� = ( deaB)( bCea) A [E ]c( bAED )( deAc) Caa( BAEc )( CaED )( deaB) A( abcD)

( deaB)( bCea) A [E ]c( bAED )( deAc) Caa( BAEc )( CBAd ) A( aEDC ) A[E ]

D ( deaB)( bcdE)( Dabc) d( DCBe )[ E ][ E ]( eAcd)( DCBe )[ E ]b( deAc) Cd( Dabc)

( CBeD )( abCe) D ( dEbc) cB ( bCea)( AEDb ) B ( dCBA )( AEcB ) bC( eDCB )

" = ad( eabC)( dEbc)( CBAd ) DAc ( CaED )( deaB) be( Dabc) EB [e]( Ebcd) DB

( bCea)( AdCB ) bc( DCBe ) E ( Ebcd) e( EDCa ) C( Dabc) d( DCBe )[ E ][ E ]( eAcd)

( DCBe )[ E ]b( deaB)( bCea) B ( bAED ) dc( AEcB )( bAED )( deAc) C( Ebcd) D

( CBAd ) Da ( eaBd)( DCBe ) E ( bcDa)( Ebcd) eA( aEDC ) B ( eAcd)( DCBe ) Eb

( deAc) B ( AEDb )( BAdC )( cBAE ) e( abcD) b( Bdea)( bAED ) d[e]a( BAEc )

The shortest proof-words which we were able to extract via PE ACE all
contained 103 occurrences of the group's relators.

They all have a similar structure, and the example chosen cam e from a
(pruned) enumeration in 46 total cosets; it proves that a 2 hei .
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Consider the words � and " shown in Figure 3.

These prove, respectively, that CB = AE 6C and dcc = cEa.

Now consider the proof-word a�"� ( bCea)( AEDb ) c.

This proves a = E 13, as required, and the proof can now be completed by
substitution in the presentation.

Note that there is considerable further structure in the pro of-word which
we have not exploited; e.g., the �rst two-thirds of the �rst t wo lines of �
are the same.

We also attempted to extract proofs that commutators are tri vial from
enumerations over the trivial subgroup.

The best we found had 126 group relators, and did not have any o bvious
substructure.

However we did note that the coset enumeration could be done u sing a
total of only 98 cosets.
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F (2 ; 7)

The Fibonacci group

F (2 ; 7) = ha; b; c; d; e; f; g j abC; bcD; cdE; deF; efG; fgA; gaB i

is the cyclic group C29 .

In 1976 I produced a proof that F (2 ; 7) is cyclic from the workings of a
series of index 1 coset enumerations over a one-generator su bgroup.

The �rst of these took 327 total cosets, and subsequent enume rations
incorporated the results of previous ones as additional (re dundant)
subgroup generators.

Taking into account the multiplicity with which the various results are
used, my proof uses the group's relators a total of some 24742 times.

Subsequently, using a single enumeration in 55 cosets, Edes on (1989) was
able to extract a similar proof which used the relators only 2 278 times.
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At the time of writing, the best proof we have found using PEAC E and a
one-generator subgroup uses the group's relators a total of 595 times, and
was derived from an enumeration using a total of 74 cosets.

The proof-word produced by PEACE contains many repeated sub strings
and could be rewritten as a series of lemmas.

Although much shorter than the previous proofs, our PEACE pr oof is no
less opaque, so I omit it.

Edeson's proof is some four times longer than ours, despite t he fact that
the enumeration she used is approximately three-quarters t he length of
ours.

Edeson had available other, shorter, enumerations, but she rejected these
since \the path to the primary coincidence was longer and mor e
convoluted in the smaller sets".
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It is interesting to note that Leech (1984) also extracted, b ut did not
publish, a proof from a 55 coset enumeration, but this only be ttered my
proof by a factor of two.

The developers of the Interactive Todd Coxeter package in GA P used
F (2 ; 7) as one of their test cases, and they were able to complete a c oset
enumeration in F (2 ; 7) over one of the generators with 50 cosets (i.e., 49
de�nitions).

We were able to duplicate this value using PEACE, and one sequ ence of
49 de�nitions, for an enumeration over hbi , is: 1 c, 2a, 3F , 3B , 5E , 6g, 7B ,
8F , 1a, 10 B , 11 C, 12 d, 1A , 14 F , 15 C, 16 g, 17 E , 11 D , 19 a, 20 B , 12 C,
22E , 1F , 14 g, 10 c, 14 E , 1D , 28 F , 1E , 30 C, 30 B , 11 B , 11 f , 11 a, 28 E ,
36A, 36 d, 10 g, 39 F , 40 a, 41 F , 39 D , 10 C, 44 A, 45 E , 40 C, 36 C, 45 D , 15 c.

It is straightforward to verify this enumeration . . .

Given the relative sizes of this coset table and the proof-wor d, it is not
clear which of these is the best proof.
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The sequence of de�nitions needed to complete the coset enum eration is
certainly much shorter than the proof-word.

However, verifying that the enumeration completes correct ly is more
involved than checking the reductions of the proof-word.

Neither proof seems to o�er any insight.

The trivial group

The presentation

E1 = ha; b; c j CacAA; AbaBB; BcbCC i

is a well-known example of the trivial group.

That E1 is trivial is not obvious; see Higman (1951), Neumann (1954) .
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Neumann (1979) noted that this presentation was very di�cul t for early
computer implementations of the Todd-Coxeter process, and that it can
be used to build an in�nite series of presentations for the tr ivial group of
ever-increasing di�culty.

Higman proved that E1 is trivial by expressing one of the generators in
terms of the other two, and then using an argument based on der ived
groups.
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Replacing his a1, a2, a3 by our a, b, c, the �rst part of his proof runs as
follows.

AbaBB = 1 implies that baB = ab, and conjugating this by c gives
CbcCacCBc = CacCbc.

Now CacAA = 1 and BcbCC = 1 imply that Cac = aa and Cbc = bC, and
substituting these yields bCaacB = aabC.

Finally, CacAA = 1 also implies that Ca = aaC and ac = caa, and
substitution now gives baaCcaaB = baaaaB = aabC.

Thus, c = bAAAABaab .

(Note that Higman's paper quotes c = ba4b� 1a2b, but this is presumably a
typographical error.)

Coset enumerations in E1 over two-generator subgroups yield a single
coset and can be completed with two de�nitions.
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(For the subgroup ha; bi , there are precisely two such de�nitions sequences:
1C, 2b and 1 C, 2C.)

The best proof-words we have been able to extract from such
enumerations have eight group relators, and a typical examp le is the word

� = ( CbccB)[ b] [ A ][ A ]( aaCAc ) [ A ][ A ]( aaCAc ) [ B ]( bCCBc)

Cb( caaCA )( aBBAb ) Bc ( CacAA )[ a][ a] ( CbccB)[ b]:

This freely reduces to c and, after deleting the relators, reduces to the
product of subgroup generators bAAAABaab .

Higman's proof also contains eight uses of the relators and, in fact, each
of the relators presenting E1 is used the same number of times there as in
�.

We obtained various other proof-words of a similar length, b ut these were
all analogues of �, over di�erent subgroups and with di�eren t
arrangements of the relators and varying amounts of conjuga tion.
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Given a balanced presentation of the trivial group (i.e., wi th the same
number of relators as generators), one way of proving it triv ial is to reduce
it to the standard presentation hX j X i by a sequence of relator inversions,
conjugations and multiplications.

Andrews and Curtis (1965, 1966) conjectured that this is alw ays possible.

This conjecture is still open, and E1 is a long-standing potential
counter-example for the three generator case.

In some circumstances it is possible to extract from a proof- word a
sequence of Andrews-Curtis moves on the relators which prov e the same
result (Havas and Ramsay, 2003).

Since � contains the relator AbaBB once only, a simple technique works.

We �rst rewrite � as � BAAbaaaaB so that it is a proof, over the trivial
subgroup, that cBAAbaaaaB is trivial (as already seen for F (2 ; 5)).
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It is now straightforward to build up the proof-word, a relat or at a time,
by starting with AbaBB and multiplying by appropriately conjugated
versions of the other two relators.

Counting conjugation by a single group generator as a single move, one
sequence of moves produced was 34 moves long, and transforme d
( CacAA; AbaBB; BcbCC ) into ( CacAA; bAAAABaabC; bCCBc ).

A much shorter sequence can be found by searching directly fo r a sequence
of Andrews-Curtis moves which produce a relator of the desir ed form.

We have a utility ACME (Andrews-Curtis move enumerator) whi ch
performs a breadth-�rst search through a tree of Andrews-Cu rtis
equivalent presentations.

It is a simple matter to modify this to check each new relator a s it is
generated to see whether it contains some group generator on ce only.

If the intermediate presentations generated are allowed to grow to a total
length of 21, then ACME can produce a 20-move sequence.
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For a length of 22, ACME can produce a 19-move sequence.

(These searches took � 92 and � 517 minutes, respectively, of CPU time
on a 733 MHz Itanium machine, and used � 2802 & � 12317 Mbytes of
memory.)

ACME was able to generate all cyclings and inversions of the w ord
BaabCbAAAA , as well as the equivalent proofs for a and b (60 proofs in
all), but was unable to produce any shorter word or any presen tation of
shorter total length.

(The searches were non-exhaustive, so we cannot say whether or not any
shorter word can be generated, or whether there is a shorter s equence of
moves.)

The sequence of moves uses each of the relators the same numbe r of
times as Higman's proof and as �, and is easily converted to a p roof-word
similar to � BAAbaaaaB (in fact, a slightly shorter proof-word).
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Note that Higman's proof that c = bAAAABaab can be extended by using
the relator AbaBB three times to yield c = bAABBB .

However, the ACME proof cannot be extended to reproduce this , since
the relator AbaBB has been `forgotten'.

If c = bAABBB is conjugated by b and then rewritten using the relator
BcbCC, we obtain c2 = A 2B 2 (cf. Neumann's proof).

It is interesting to note that Rapaport (1968) also reduced t he problem
from a presentation on three generators to one on two generat ors;
however her proof used automorphisms as well as Andrews-Cur tis moves.

Automorphisms can always be eliminated from a successful re duction to
the standard presentation, but not necessarily from a parti al reduction.

As far as we are aware, our reduction is the �rst direct proof t hat the
Andrews-Curtis conjecture for E1 can be reduced to a two generator
problem.
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The various methods we have illustrated all yield essential ly the same
result; i.e., a particular relation which holds in E1 and which proves that
one of the generators can be written in terms of the other two.

This raises the question as to whether or not this relation is the shortest
of its kind in E1.

Of course, since E1 is trivial any relation is true in it, so this not a
well-formed question.

However, it is meaningful to ask whether � is a shortest proof -word for
this relation, or for any relation of this kind.

� was found as part of a large, non-deterministic search and, in principle,
we can establish whether or not it is a minimal proof-word via an
exhaustive search of all proof-words containing fewer than 53 group
generator symbols.

However, the search-space is very large, and we have not inve stigated this
further.
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E1 over hxi

Neumann proved E1 trivial by �rst showing that c2 = b3, and so b and c2

commute.

38



39



Then BcbCC = 1 implies c is trivial.

To establish his �rst result, he started by proving that B i abi = aB i (1).

The relator AbaBB yields that aBB = Ba (2) and aB = Bab (3).

Conjugating (3) by b yields Ba = BBabb, and substitution using (2) gives
aBB = BBabb.

Repeated conjugation now gives (1) for general i .

Similarly, C i bci = bCi (4).

Now consider CacAA = 1, in the form Cac = aa, and conjugate by b to
give BCacb = Baab (5).

The left-hand side BC:a:cb = CCBabcc using the relator BcbCC, and (1)
now gives CCaBcc .
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Now CacAA = 1 implies Ca = aaC, and substituting repeatedly for Ca
implies CCaBcc = aaaaCCBcc .

Now use (4), in the form C2Bc2 = c2B, to give aaaaccB .

For the right-hand side of (5), Baab = BabBab = aBaB = aaBBB , using
(1) and (2).

Thus aaaaccB = aaBBB , and so cc = AABB (6).

Now take (4), in the form bc2 = c2bC2, and substitute using (6).

This gives bcc= AABBbbbaa = A:Aba:a = Abba, using the relator AbaBB .

But Abba = Aba:Aba = bbbb, again using the relator AbaBB .

Thus, bcc= bbbband so cc = bbb.
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Neumann's proof suggests that we should attempt to extract p roofs of
the general form W 2 hx i i , where x is a generator of E1, and W is a word
such as y j or y j zk.

His proofs that c2 = A 2B 2 and c2 = b3 use the group relators a total of 12
and 29 times, respectively, and provide convenient metrics against which
to compare proof-words produced by PEACE.

(Given c2 = b3, direct substitution in BcbCC yields c = b3, and so a single
relator use completes the proof that c is trivial.)

The shortest proof-words PEACE was able to extract from enum erations
over one-generator subgroups had 24 or 26 occurrences of the relators
and proved that c = b3 (or an equivalent).

Although not the shortest proofs, the ones with 26 relators h ave an
interesting structure.
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A typical example is � = [ B ]c( CbccB) ��� � 1C, where

� = bbb( aaCAc ) B ( bABab) BAb ( aCAca ) B ( bABab) aB ( bABab)( BCbcc)

CC ( BAbaB ) bAB ( acAAC )( cbCCB) b( caaCA ) aBc( CbccB) ;

� = [ b]A ( AbaBB ) a[b]( BAbaB )[ b][ b]( BAbaB ) :

The words � and � prove, respectively, that bbbaaB = C and
bAAbaaB = bbbb, so ��� � 1 proves b = Cb4c.

The eleven relators in � match those in the extended version of Higman's
proof given above, while the conjugation of � by � � 1 mimics a key step in
Neumann's proof.

Our shortest proof-words, with 24 relators, are signi�cant ly shorter than
Neumann's, and seem to have a variety of di�erent structures .

We have not been able to �nd any `nice' characterisation of th ese proofs,
and we simply quote the example with the smallest number of gr oup
generator symbols.
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This has 163 symbols, and proves that a = c3.

aCBCBA ( abbAB) B ( bbABa)( ACacA ) ba( ABabb)( CBcbC) bc( CBcbC) bc
( CBcbC) A( acAAC )[ c]B ( baBBA ) ab( baBBA ) B ( baBBA ) Ab[C]( cBCbc)[ C]
B ( caaCA ) a( cbCCB) A( abbAB) bac( CBcbC)( ccBCb) C( cBCbc) CB ( ccBCb)
bcAAC ( caaCA )( aBBAb ) c( CBcbC)( caaCA ) a[c][ c]( CBcbC)[ c][ c]:

Proof variation

To illustrate the variation in the proofs produced by PEACE, we collected
statistics from one set of runs for E1.

This involved 1000 coset enumerations over each of hai , hbi and hci , where
the relators were randomly permuted, cycled and inverted be fore each
enumeration.

For each enumeration the number of cosets was pruned, and the n proofs
that each of the other two group generators are in the subgrou p were
extracted.
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In the 3000 enumerations, the initial number of cosets varie d from 17 to
112, and the pruned number varied from 10 to 56; the ratio of in itial to
pruned varied from 1.125 to 7.385.

In the 6000 proofs, the number of occurrences of group relato rs varied
from 26 to 39721 ; the median value was 961, and the lower and upper
quartiles were 393 and 1669 respectively.

There were two proofs with 26 relators, and these both had a pr uned
coset count of 19.

Thus enumerations and proofs are very variable, while succi nct proofs are
uncommon and are not necessarily associated with short enum erations.

The shortest enumerations we were able to �nd used ten cosets ; i.e.,
made nine de�nitions.

To check that this is the best possible, we need to enumerate a nd test all
di�erent eight-de�nition sequences.
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Now each of these de�nitions must fall within the �rst eight r ows in the
coset-table and, since the table has six columns (there are n o involutions),
must fall in one of 48 table positions.

Each de�nition uses two positions (the de�nition and its inv erse), and
processing the subgroup generator �lls an initial pair; thu s we have 23
pairs to choose from.

Since each pair can be �lled in two ways, the total number of po ssible sets
of eight de�nitions is 2 8

�
23
8

�
= 125520384.

Each such set corresponds to a unique standardised de�nitio n sequence, if
we order the de�nitions.

(For example, �rst by coset number and then by column number: 1a, 1A ,
1b, 1B , 1c, 1C, 2a, . . . , 8 c, 8C.

We have to take care that each de�nition uses an already de�ne d coset,
but, other than that, reordering the sequence simply relabe ls the cosets.)
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A similar calculation yields a total of 1599769600 possible sets for
nine-de�nition sequences.

These counts are overestimates, since many of the sequences are not
valid. For example, each de�nition in a valid sequence must u se an already
de�ned coset, so the �rst de�nition must be drawn from
f 1a; 1A; 1b;1B; 1c; 1Cg.

It is straightforward to enumerate valid sequences in order using a
backtrack search, and then to test whether or not they yield a complete
coset table.

There are 16112057 valid standardised de�nition sequences of eight
de�nitions (for each choice of subgroup generator), and to g enerate and
test them took � 6 minutes of CPU time on a 400 MHz SPARC machine.

None of these sequences generated a complete coset-table.

For nine de�nitions, the corresponding �gures are 16771066 4 sequences
and � 68 minutes.
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564 of these sequences generate a complete coset-table, and the �rst and
last de�nition sequences in order are: 1 B , 1C, 2a, 2C, 3C, 4C, 5C, 6C, 8b
and 1 C, 2C, 3C, 4C, 5B , 6c, 7c, 8B , 9C.

(These are for enumerations over hai , and a column ordering of a, A , b, B ,
c, C.)

Leech (1970) gave an example of an enumeration where, to achi eve an
enumeration with the smallest number of de�nitions, a parti cular
de�nition had to be avoided.

He also noted that it would be di�cult to \devise a computer pr ocedure"
to �nd such a sequence.

It is interesting to note that none of the 564 sequences (for e ach of hai ,
hbi and hci ) our searches generated used the de�nitions 1 a, 1b or 1 c,
implying that these de�nitions must be avoided if a shortest de�nition
sequence is required.
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By way of contrast to the previous results, we also performed the coset
enumeration over the trivial subgroup.

The best enumerations, after pruning, completed with only 5 6 de�nitions;
the best previous result seems to be the 59 (ITC).

We also extracted proof-words for a variety of short words.

The shortest proof-words contained 49 relators, and proved that one of
the group's generator is trivial.

Why bother?

It provides a way of obtaining proofs:

Proofs of many things;

Many proofs of one thing;
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Nice proofs.

Questions regarding the length and elegance of proofs are di �cult in
general, and it is interesting to note that Hilbert apparent ly considered
including as a 24th problem that of

\�nding criteria for �nding simplest proofs"

This problem was ultimately omitted since \simplicity is an extremely
complicated notion" (Grattan-Guinness, 2001; see also Thiele, 2003).

Do you want to know more?

George Havas and Colin Ramsay, \On proofs in �nitely present ed groups",
Groups St Andrews 2005 (to appear).
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Andrews-Curtis moves for E1

move relator r relator s relator t
- CacAA AbaBB BcbCC
r ! r C acAAC AbaBB BcbCC
s ! sA acAAC baBBA BcbCC
s ! sr acAAC baBBcAAC BcbCC
s ! sb acAAC aBBcAACb BcbCC
s ! st acAAC aBBcAAbCC BcbCC
s ! s� 1 acAAC ccBaaCbbA BcbCC
s ! sa acAAC AccBaaCbb BcbCC
s ! sB acAAC bAccBaaCb BcbCC
s ! st acAAC bAccBaabCC BcbCC
s ! sb acAAC AccBaabCCb BcbCC
s ! st acAAC AccBaabCbCC BcbCC
s ! sA acAAC ccBaabCbCCA BcbCC
s ! sr acAAC ccBaabCbCAAC BcbCC
s ! sc acAAC cBaabCbCAA BcbCC
s ! sa acAAC AcBaabCbCA BcbCC
s ! sr acAAC AcBaabCbAAC BcbCC
s ! sA acAAC cBaabCbAACA BcbCC
s ! sr acAAC cBaabCbAAAAC BcbCC
s ! sc acAAC BaabCbAAAA BcbCC
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