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Outline
Inparticular,onehopesthatifformostpthecurvehasunusuallymanypointsin
the¯nite¯eldwithpelements,thenitwillhavealotofrationalpoints.

Severalyearsagowecarriedoutbyhandsomecalculationswhichtendedtosupport
thesehopes.Sincethen,wehaveusedtheCambridgeUniversityelectronic
computerEDSAC2forextensivecalculationsonellipticcurves.Asaresult,
wehavebeenabletoputourconjecturesintoanexactformandsupportthem
withagooddealofnumericalevidence.However,ithasbecomecleartousthat
weareunlikelytobeabletoprovetheseconjectures.
B.J.BirchandH.P.F.Swinnerton-Dyer

pq7!Epq.R=(py;z)2E(Q).

1.Introduction

2.Integerfactoringandcomputingellipticcurverationalpoints

3.HeightcomputationandSAGE

JointworkwithMing-DehHuang.
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Part1.Introduction
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Diophantineanalysis

\Veryoften":::

QuestionaboutobjectsoverQ(global)

l

QuestionaboutobjectsoverQp(local)

l

QuestionaboutobjectsoverFp(¯nite¯eld)

HasseGlobal-LocalPrinciple
Theorem1.Ahomogeneousquadraticequationinseveralvari-
ablesissolvablebyintegers,notallzero,ifandonlyifitis
solvableinRandQpforeachprimep.
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EllipticCurves

Lines,Conics,Cubics:::

Anellipticcurveisanonsingularplanecubiccurvewithara-
tionalpoint(possibly\atin¯nity").

IfcharK6=2;3,then

E:y2=x3+ax+b:

thediscriminant¢(E):=¡16(4a3+27b2)

Non-singularity,¢6=0.
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TheGroupOperation

PicturecourtesyW.Stein
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y2+y=x3¡x

1Pointatin¯nity

©=
(¡1;0)©(0;¡1)=(2;2)

ThesetofrationalpointsonEforms
anabeliangroup.6



GroupLaw

P1;P22E(K)withP16=P2anddrawingalineLthruP1;P2,we
getathirdpointP3i.e.L\E=fP1;P2;P3g,wewrite

P1©P2:=¡P3

whereinverseofP=(x;y)2E(K)is¡P=(x;¡y)2E(K).

Theorem2.(E(K);O)isanabeliangroup.

IfcharK6=2;3additionlawisgivenby:

P=(x1;y1),Q=(x2;y2),P©Q=(x3;y3).

x3=¡x1¡x2+®2;y3=¡y1+®(x1¡x3)

®=

8
<

:
(y2¡y1)=(x2¡x1)ifP6=Q

(3x2
1+a)=2y1ifP=Q
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EllipticCurvesoverQ

Theorem3.(Mordell)

E(Q)is¯nitelygenerated.

Corollary4.

E(Q)»=E(Q)tors£Zr

where#E(Q)tors<1andr2Z¸0

Q.Howtocomputethearithmeticrankrofanellipticcurve?

A.Naively,Descent,BSD,:::noalgorithmasyet!
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Ellipticcurverationaltorsion

Theorem5.

E(Q)[m]=(Z=mZ)£(Z=mZ)

Theorem6.(Mazur)

E(Q)tors»=

8
<

:
Z=nZ;n=1:::10;12

Z=2Z£Z=2nZ;n=1:::4

SoMazurtellsusthatweonlyneedtosearchfor2;3;4;5;7;8;9
torsionpoints.

Q.Howtocomputethetorsionsubgroup?

A.Wecancomputein\almost"lineartime.
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EllipticCurvesoverFp

E=QÃE=Fp

Theorem7.LetEbeanellipticcurvede¯nedoverFp.Then

p+1¡2
p

p·#E(Fp)·p+1+2
p

p

\Error"ap:=p+1¡#E(Fp).

ThesearecalledtheHassebounds.

Q.Howtocompute#E(Fp)?

A.Brute-force,Schoof(poly-time),:::
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L-series
E=QÃEp=Fpforgoodp.

ThezetafunctionofEpoverFp:

Z(Ep=Fp;T):=exp(
1X

n=1

#Ep(Fpn)¢
Tn

n
):

Infact

Z(Ep=Fp;T)=
Lp(T)

(1¡T)(1¡pT)
;

where

Lp(T)=1¡apT+pT22Z[T]:

Lp(T)=

8
><

>:

1¡Tsplitmult.red.
1+Tnon-splitmult.red.
1additred.
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De¯nition8.TheL-seriesofE=Q

LE=Q(s):=
Y

p

Lp(p¡s)¡1:

EanellipticcurveoverQofconductorN

¤E(s):=(2¼)¡s¡(s)N(E)s=2LE(s):

Modularitytheorem(Wilesetal)Ã¤Ehasananalyticcontinuationtothe
entirecomplexplane

¤E(s)=w(E)¤E(2¡s)

wherew(E)=§1iscalledtheglobalrootnumberofE.



SelmerandShafarevich-Tategroups

LetÁ:E!E0beanisogenybetweenE=Q;E0=Q.

0!E0(Q)=Á(E(Q))!SÁ(E)!Sha(E)[Á]!0

²SÁ(E):Á-SelmergroupofE=Q.Finite!HaveapointoverQp

foreveryp·1.

²E0(Q)=Á(E(Q)):weakMordell-Weilgroup.HaveaQ-point.

²Sha(E)[Á]:Á-partoftheShafarevich-Tategroup.

Ex.FordegÁ=2,dw2=f(z),wheredegf(z)=4andd2Z.

Inabilitytodecidewhetherahomogeneousspaceisanon-trivialelementof

Sha(E)[Á].
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Descentprocedure

Tocompute:

1.MWsu±cestocomputeWMW.

2.WMWsu±cestodecidewhetherthereisarationalpoint
ona¯nitesetofhomogeneousspaces.

Sha(E)=ker(H1(Q;E)!©ºH1(Qº;E))

Conjecture9.#Sha(E)<1.
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BirchandSwinnerton-DyerConjecture

1.L
(t)
E(1):=(dt

dstLE(s))js=1.

2.ran:=mintL
(t)
E(1)6=0.Analyticrank.

3.­:=
R
E(R)j!j,where!:=dx=(2y+a1x+a3).Realvolume.

4.R(E):EllipticregulatorofE(Q)=E(Q)tors,computedusing
ĥ(¢;¢).

5.cp:#E(Qp)=E0(Qp).Tamagawa#s.
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Conjecture10.(BirchandSwinnerton-Dyer)

ran=r(1)

Moreover,

L
(r)
E(1)

r!
=

#Sha(E)¢R(E)¢­¢
Q

pcp

(#E(Q)tors)2(2)

Eq.1isreferredtoastheWeakBSDconjecture.

²Easy:­;#E(Q)tors;cp.

²Noteasy:L
(r)
E;

Q
pcp;.

²Hard:R(E).

²SuperHard:Sha(E).

ConnectiontotheCongruentNumberproblem

15



Part2.IntegerFactoringandComputingElliptic
Curverationalpoints
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Computingprimesofbadreduction

BadprimesofE:=primesdividing¢(E).

Q.Isfactoringnecessarytocomputethebadprimes?

Q.Cananythingbelearntabouttheseprimesfromrational
points?
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DescentviaTwo-Isogenylemma
Recall,Á:E!E0anisogenybetweenE=Q;E0=Q.

0!E0(Q)=Á(E(Q))!SÁ(E)!Sha(E)[Á]!0

Lemma11.LetE=QandE0=Qbeellipticcurvesgivenbyequations

E:y2=x3+DxandE0:Y2=X3¡4DX;

Á:E!E0Á(x;y)=(y2=x2;y(D¡x2)=x2)

S:=M1
K[fprimesdividing2Dg:

Thereisanexactsequence0!E0(Q)=Á(E(Q))
±

!Q(S;2)
Â

!WC(E=Q)[Á]

whereunder±:O7!1;(0;0)7!¡4D;(X;Y)7!XandunderÂ:d7!fCd=Qg

Cd:dw2=d2¡4Dz4:

S(Á)»=fd2Q(S;2):Cd(Qº)6=;forallº2S)g:

Ã:Cd!E0;Ã(z;w)=(d=z2;dw=z3)
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Overview
Ataleoftwoproblems.

D=pqwithpandqdistinctprimenumbers,p´q´3mod16.

E=ED:y2=x3¡Dx.

2-descent+BSDÃrE=1.

E0=E0
D:y2=x3+4DxbetheisogenouscurveofE.

BSD(and(
p
q)=1)ÃC0

pandC0
¡qofE0haverationalpoints,whereC0

ddenotes

thecurvedW2=d2¡DZ4.

Thepointhasdi®erentp-adicandq-adicvaluations.

RestrictiononsizeofrationalpointonE.

Restrictiononsizeofrationalpointonhomogeneousspace.
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Factoringandcomputinggenerators

E=ED:y2=x3¡Dx,D=pq,p;qdistinctprimes,p´q´
3mod16.

²rE·1

²ran
E>0

Lemma12.ran
E=1)rE=1.(OrunderBSD,rE=1.)

E(Q)=hTi©Z¢P,whereT=(0;0)
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WLOGassuming(p
q)=1,then

9R1=(
p

z2
1

;
pw1

z3
1

);R2=(
¡q

z2
2

;
pw2

z3
2

)2E(Q);

wherezi;wi2Q.

Q.DoesParisefromapointonaquartic?

IfR2E(Q),R6=O;T,thenx(R)¢x(R+T)=¡pq.

Ãvp(x(P))6=vq(x(P)):

Ideally,wewouldlikeheighttobeapolynomialinlog¢:::



Reduction

De¯nition13.LetP2E(Q),x(P)=a
b,hx(P):=logmaxfjaj;jbjg

De¯nition14.LetE=Qofpositiverank.Tmax:=pointof
maxhxamongasetofgeneratorsofE(Q)=E(Q)tors

De¯nition15.Letf2Z[X]

If:=fE=QwithrE>0jdhx(Tmax)e·f(logj¢j)g

De¯nition16.Letf2Z[X]

I¤
f:=fED=QjED2Ifg

Q#If;#I¤
f6=;;1?
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.IF-D:FactoringintegersD

.IF-D-f:FactoringintegersDs.t.ED2I¤
f

.CMWG-ED:ComputinggeneratorsforED(Q)

.CMWG-ED-f:ComputinggeneratorsED2I¤
f

Theorem17.Fixingf2Z[X]

IF-D-f·PCMWG-ED-f

Search:C0
p:W2=p¡qZ4andC0

¡q:¡W2=q¡pZ4(assuming
(p

q)=1)andthisgivesustherationalpointofEDviathemap

Ã:C0
d!E;Ã(Z;W)=(d=Z2;dW=Z3)



ReverseDirection

Q.Isit\enough"tofactor,tocomputeED(Q)?

De¯nition18.LetSED:=(W;Z)onC0
p(Q)orC0

¡q(Q)withthe
smallestnaiveZ-height.

De¯nition19.Letg2Z[X].

J¤
g:=fED=QjdhZ(SED)e·g(loglog¢)g

CNRP-ED-g:Computinganon-torsionrationalpointforelliptic
curvesinJ¤

g.

Theorem20.Fixg.CNRP-ED-g·PIF-D.
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ConsiderC0
p:W2=p¡qZ4.SupposeZ=1andp=3+16k0

andq=3+16k00forsomek0;k002Z.ThenW2=24(k0¡k00).

Q.Arethereare1pairsofprimesoftheformp=3+16k0;q=
3+16k00((p

q)=1)suchthatk0¡k00isasquare?

)#I¤
f;#J¤

g=1,foreveryf;g,degf>0;g6=0respy.

Simplestcaseq=3(k00=0)andZ=1.Primep=3+16n2,
in¯nite?

YesunderHardy-Littlewood'sFconjecture.



Questions
D=pqwithpandqprimenumbers,p´q´3mod16.ED:y2=x3¡Dx.
P2ED(Q),P6=O;(0;0).

Suppose(
p
q)=1.S2C0

p(Q)orC0
¡q(Q).

1.FactoringintegersDandcomputingPpolynomialtimeequivalent?

2.(\min")ĥ(P)·f(¢).f=?

3.(\min")hZ(S)·g(¢).g=?

Numericaldatawillbeofindependentinterestasitwillraisequestionsabout

1.computationalnatureof2-descent,

2.Mordell-WeilgroupsofEDandgeneralE.
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0
1

¡1

2

1
4
6

¡5
9

21
25

¡20
49

161
16

116
529
1357
841

¡3741
3481

18526
16641
8385

98596
480106

4225

¡239785
2337841

12551561
13608721

¡59997896
67387681

683916417
264517696
1849037896
6941055969
51678803961
12925188721

¡270896443865
384768368209

4881674119706
5677664356225

¡16683000076735
61935294530404

997454379905326
49020596163841
2786836257692691

16063784753682169
213822353304561757
158432514799144041

¡3148929681285740316
2846153597907293521

79799551268268089761
62586636021357187216
342115756927607927420

2237394491744632911601
53139223644814624290821
1870098771536627436025

¡280251129922563291422645
1262082793174195430038441

36631192030206080565822006
41998153797159031581158401

¡804287518035141565236193151
1063198259901027900600665796

54202648602164057575419038802
15402543997324146892198790401
743043134297049053529252783151

2763291877248901877407461697249
102993803538933982914320107718801
35845578465602823663322959338401

¡3239336802390544740129153150480400
3838799532815709794201672388387649

263817293110494867593838666854208001
292736325329248127651484680640160000

¡2613390252458014344369424012613679600
18130554499963269207328264658003398849

1425604881483182848970780090473397497201
23330922815816934561924264996456917601

12518737094671239826683031943583152550351
112095263170952502579054676954803745129249
7829698846539503638114853800715638513953202
6717213017363033576059307226857689370745601

¡596929565407758846078157850477988229836340351
546893617922188211588396787764926990139280196

79894464813428119450058959276433565868597634006
53046539559910784267590065399289562705929497601
2385858586329829631608077553938139264431352010155

11671603578179426152483616311075870788715631720041
1356533706384096591887827693333962338847777347485221
107308058945765220809811860660656614527354467284025

Part3.HeightsandSAGE

sage:E=EC([0,0,1,-1,0])
sage:P=E([0,0])
sage:foriinrange(1,51):
sage:(i*P)[0]
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HeightsofgeneratorsofE(Q)
Paucityofthereductions:::

Di®erencebetweennaiveandcanonicalheightnotmuch.

Conjecture21.(Lang)Forallellipticcurvesovertheintegers

ĥ(P)>>logj¢minj

foranyrationalpt.Pwhichisnottorsion.

TheaboveatheoremfortheED.

Conjecture22.(Lang)LetH(E)=max(jaj3;jbj2).Forallellipticcurves
y2=x3+ax+bwitha;b2Z,wehave

#Sha(E)¢R(E)<<H(E)1=12N²(N)cr(logN)r

cissomeuniversalconstant,and²(N)!0asN!1.Infact,²(N)may
havetheexplicitform

²(N)=c0(logNloglogN)¡1=2:

Lowerandupperboundsforthenaiveheightarelinearandexponentialin
log¢(E)respy.

ÃComputation
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WhySage?akaProblemswithexistingsoftware:::c'estanothertalk!

Lazzzzinesswhenitcomestoprogramming.

²Magmabugs.

>E:=EllipticCurve([1,0,1,-120039822036992245303534619191166796374,
504224992484910670010801799168082726759443756222911415116]);
>Rank(E);
Magma:Internalerror
Pleasemailthisentirerun[**WITHTHEFOLLOWINGLINES**]
tomagma-bugs@maths.usyd.edu.au
Version:2.11-10
Linkdate:ThuNov420:39:55EST2004
Machinetype:x8664-linux
Initialseed:4183705496
Timetothispoint:0.32
Memoryusage:3.43MB
Segmentationfault
>

²Gp:niceinterpreter;Pari:Thepainsofprogramming;mwrank-simple
interpreter;Sage:crashes:::(24£7)HelpLine.

Computation$Automation.
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Computation.Tables.\k:#E"denotes#Eintheinterval[k¡1;k).

ChooseEDwith3<p<qandNE=25p2q2<1014.

ED:UsingL-seriesunderBSDconjecturalformulacalculate

cE:=
ĥ(E)¢#Sha(E)

log¢(E)

k1234567891011121314
#E1755689297153814524101033311

Forthe3075ellipticcurvesinabovetable
ĥ(E)¢#Sha(E)

log
2

¢(E)<1.Fewdaysof

machinetime.NeedtospeedupL(t)(1)computations(minconductor25¢

192¢672>107).

Demo:

sage:E=EC([-19*67,0]);lc=(E.Lseries_deriv_at1())[0]
sage:
ht_sha=lc*(E.torsion_order()**2)/(E.tamagawa_product()*E.omega())
sage:ht_sha/log(E.discriminant()
_7=0.33797291381063527
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Lang'sobservationcP·4

De¯nition23.LetE=QofpositiverankandP2E(Q).

eP:=
hx(P)

logj¢(E)j

wherePisthepointamongallgeneratorsfor#E(Q)=E(Q)tors

withgreatestnaiveheighthx(P).

Q.Ishx(P)·logij¢(E)jareasonableconjecture?

Turntoexistingdatabases:::
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Cremonadatabase
http://modular.ucsd.edu/sage/apps/burhanuddin-largestgen/

allgensdatabaselistscurvesofconductor·120;000andtheirgenerators.

ithrowofthetablecP:=
hx(P)

log
i
j¢(E)j.

ComputedePvaluesforpositiverankcurvesusingSAGE.

ik12345678910[11;21]22
1#E4594945101881293123693128189302
ik12
2#4660772

Demo:

sage:db=sage.databases.cremona.LargeCremonaDatabase()
sage:db.
sage:db.allgens(11)
_2={}

sage:db.allgens(37)
_3={`a1':[[0,0,1]]}

sage:db.allgens(389)
_4={`a1':[[-1,1,1],[0,0,1]]}

sage:E=EC("37"+`a1')
sage:E
_6=EllipticCurvedefinedbyy^2+y=x^3-xoverRationalField
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Stein-WatkinsdatabaseLists136;924;520curvesofconductorat
most108alongwiththeleadingcoe±cientoftheTaylorexpansionofLE(s)
ats=1.

ranks012345
#45976073659444082237293125711235994045

ithrowofthetablecE:=d
Reg(E)¢#Sha(E)

log
i
j¢(E)je.

Computedusingformulafor90;948;447positiveran
Ecurves:::onthe8thday.

ik123456[7;587]698846
1#E827150065534744140035954469926410314631934321511
ik123456[7;24]3239
2#9093264012169216472429414830611

Demo:

sage:db=SteinWatkinsAllData(0);C=db.next();C
_3=Stein-Watkinsisogenyclassofconductor11

sage:C.data
_4=[`11',`[11]',`0',`0.253842',`25',`+*1']

sage:C.curves
sage:C.
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Conjecture

Conjecture24.hx(P)·log3j¢(E)j

Q.Reversedirection.Growth?
Htsofrationalpointsonhomogenousspacesofellipticcurvesofinterest:Selectedthe¯rst

500primes,>3,´3mod16.ComputeageneratorforE=EDusingmwrank/htbd10/

SAGE.

30,180/124,750ofthesecurvesyieldedgenerators.

AllofwhicharosefromarationalpointX=(Z;W)onahomo-
geneousspace.cE:=

hZ(X)
loglogj¢(E)j

k1234567
#E748252524800430842643611463

IncreasingboundÃComputationprohibitive;FixedboundÃRatiodecreases.

ComputationsuggeststhatthesetJ¤
loglog¢isin¯nite.
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Underoneroof
AlltablesinthistalkwerecomputedusingSAGE(andnohup)

...atleast3animalsand1plantwereharmedintheprocess.

RMS/Linus

Stein:He[MichaelStoll]also,insomevaguesense,gave
meagermoftheinitialideaforSAGEwhenhesaid
`itisnicetohaveeverythingunderoneroof'(inreference
toMAGMAthen)tome5yearsagowhenIvisitedhimGermany

32


